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Abstract
In this paper, we consider a class of operator equilibrium problems (OEP for short) with operator
solutions and derive a Minty type lemma for this class of problems. Further, using this lemma and
KKM theorem, we establish some existence theorems for OEP. The theorems presented in this paper
generalize, improve and unify many known results.
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1. Introduction and preliminaries
In 2002, Domokos and Kolumbán [5] introduced and studied a class of operator vari-
ational inequalities. These operator variational inequalities include not only scalar and
vector variational inequalities as special cases, see, for example, [3,7,14], but also have
sufficient evidence for their importance to study, see [5]. Motivated by work of Domokos
and Kolumbán [5], we consider the following class of operator equilibrium problems which
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rium problems:
Let X and Y be Hausdorff topological vector spaces; L(X,Y ) be a space of all con-
tinuous linear operators from X to Y and let K ⊂ L(X,Y ) be a nonempty convex set. Let
C :K → 2Y be a set-valued mapping such that for each f ∈ K , C(f ) is a solid convex open
cone and 0 /∈ C(f ). Given a bi-operator F :K × K → Y such that F(f,f ) = 0, ∀f ∈ K .
Then the operator equilibrium problem (OEP) is to find f ∈ K such that
F(f,g) /∈ −C(f ), ∀g ∈ K. (1.1)
Some special cases of OEP (1.1):
(1) If F(f,g) = 〈η(f,g), T (f )〉, where T :K → X and η : K × K → K , then OEP (1.1)
reduces to find f ∈ K such that〈
η(f,g), T (f )
〉
/∈ −C(f ), ∀g ∈ K,
which appears to be new. We call it the operator variational-like inequality problem.
(2) If F(f,g) = 〈f − g,T (f )〉, then OEP (1.1) reduces to the operator variational in-
equality problem considered by Domokos and Kolumbán [5].
(3) If F(f,g) = φ(f ) − φ(g), where φ :K → Y , then OEP (1.1) reduces to a problem of
finding f ∈ K such that
φ(f ) − φ(g) /∈ −C(f ), ∀g ∈ K,
which appears to be new. We call it operator minimization problem.
(4) If K ⊂ X, a topological vector space, then OEP (1.1) reduces to vector equilibrium
problems studied by Kazmi [9,10], Lee et al. [12] and the references therein.
We remark that by giving suitable choices of F , f , g, K , C, X and Y , OEP (1.1)
reduces to many new and previously known classes of vector variational inequalities and
vector equilibrium problems, see, for example, [3,7,9,11,14] and references therein. We
omit the details.
Now we will give the following concepts and results which are used in the sequel:
Definition 1.1. The mapping F : K × K → Y is said to be
(i) C(f )-pseudo monotone, if
F(f,g) /∈ −C(f ) ⇒ F(g,f ) /∈ C(f );
(ii) hemicontinuous, if the function λ → F(f + λg,g) is continuous at 0+ for all
f,g ∈ K , as a mapping from R+ into Y ;
(iii) B-C(f )-pseudo monotone, if for each net {fα)}α∈Γ ⊂ K and f,g ∈ L(X,Y ) such that
fα → f with respect to the topology of pointwise convergence (w.r.t.p.c. for short)
and ( )F fα, (1 − λ)f + λg /∈ C(fα), ∀λ ∈ [0,1], ∀fα,
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F(f,g) /∈ C(f ).
Remark 1.1. If F(fα, (1 − λ)f + λg) = 〈(1 − λ)f + λg − fα,T (fα)〉 where T : K → X,
the B-C(f )-pseudo monotonicity of T considered by Domokos and Kolumbán [5] which
is a generalization of the concept of pseudo monotonicity introduced by Brezis [1] in order
to solve variational inequalities, see also [8,13].
Denote P :=⋂f∈K C(f ).
Definition 1.2. A mapping V :K → Y is said to be
(i) P -convex if for any f,g ∈ K and λ ∈ [0,1],
V
(
λg + (1 − λ)f ) ∈ λV (g) + (1 − λ)V (f ) − P ;
(ii) natural quasi P -convex if for any f,g ∈ K and λ ∈ [0,1],
V
(
λg + (1 − λ)f ) ∈ Conv{V (g),V (f )}− P,
where Conv(A) denotes the convex hull of A.
Remark 1.2.
(i) Every P -convex mapping is natural quasi P -convex;
(ii) V is natural quasi P -convex if and only if for any f,g ∈ K and λ ∈ [0,1], there exists
µ ∈ [0,1] such that
V
(
λg + (1 − λ)f ) ∈ µV (g) + (1 − µ)V (f ) − P.
Definition 1.3. Let B be a subset of K . A set-valued mapping C :K → 2Y is said to have
a closed graph with respect B if for every net {fα}α∈Γ ⊂ K and {yα}α∈Γ ⊂ Y such that
yα ∈ C(fα), fα converges to f ∈ B w.r.t.p.c. and yα converges to y ∈ Y , then y ∈ C(f ).
Definition 1.4. Let B be a convex compact (w.r.t.p.c.) subset of K . An operator
F :K × K → Y is said to be coercive with respect to B , if there exists g0 ∈ B such that
F(f,g0) ∈ −C(f ), ∀f ∈ K \ B.
Theorem 1.1 [6]. Let E be a topological vector space; K be a nonempty subset of E and
let G :K → 2E be a KKM map such that G(x) is closed for each x ∈ K and is compact
for at least one x ∈ K , then ⋂x∈K G(x) 
= ∅.
Theorem 1.2 [2]. Let E be a Hausdorff topological vector space; K be a nonempty subset
of E and let G : K → 2E be such that:(i) G(v0) is compact for some v0;
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(iii) for every v ∈ K , the intersection of G(v) with any finite dimensional subspace is
closed;
(iv) for every line segment D of E, we have
⋂
v∈K∩D
G(v)
⋂
D =
( ⋂
v∈K∩D
G(v)
)⋂
D.
Then ⋂
v∈K
G(v) 
= ∅.
Theorem 1.3 [4]. Let E be a topological vector space (not necessarily Hausdorff ); K be
a nonempty convex subset of E and let G :K → 2E be such that:
(i) for all v ∈ K , G(x) is convex;
(ii) for each A ∈ F(K) (F(K) denotes family of nonempty finite subsets of K) and for
all u ∈ Conv(A), G−1(u) ∩ Conv(A) is open in Conv(A);
(iii) for each A ∈ F(K) and for all u,v ∈ Conv(A) and for every net {vα}α∈Γ ∈ K , con-
verging to v such that λu + (1 − λ)v /∈ G(vα) for all α ∈ Γ and for all λ ∈ [0,1], we
have u /∈ G(v);
(iv) there exists a nonempty, closed compact set D of K and an element u˜ ∈ D such that
u˜ ∈ G(v) for all v ∈ K \ D;
(v) for all v ∈ D,G(v) is nonempty.
Then there exists v0 ∈ K such that v0 ∈ G(v0).
2. Existence theorems of OEP (1.1)
First, we prove the following lemma:
Lemma 2.1. Let K ⊂ L(X,Y ) be a nonempty convex set. Let (Y,C(f )) be an ordered
topological vector space with solid convex open cone C(f ), 0 /∈ C(f ), for each f ∈ K .
Then for all f,g ∈ K , we have
(a) g − f ∈ C(f ) and g /∈ C(f ) implies f /∈ C(f );
(b) g − f ∈ −C(f ) and g /∈ −C(f ) implies f /∈ −C(f ).
Proof. (a) Let g − f ∈ C(f ) and g /∈ C(f ); then
f ∈ −C(f ) + g ⊆ −C(f ) + Y \ C(f ) ⊆ Y \ C(f ),
that is, f /∈ C(f ).
On the similar lines, we can prove part (b). This completes the proof. 
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are closed.
Next, we prove the following Minty-type lemma for OEP (1.1):
Lemma 2.2. Let X, Y be Hausdorff topological vector spaces and let K ⊂ L(X,Y ) be
a nonempty convex set. Let F :K × K → Y be C(f )-pseudo monotone and hemicontin-
uous in the first argument and natural quasi P -convex in the second argument. Then the
following two OEP’s are equivalent:
(i) ∃f ∈ B such that F(f,g) /∈ −C(f ), ∀g ∈ K ;
(ii) ∃f ∈ B such that F(g,f ) /∈ C(f ), ∀g ∈ K .
Proof. (i) ⇒ (ii). It is a direct consequence of the C(f )-pseudo monotonicity of F.
(ii) ⇒ (i). Let (ii) be hold, i.e., ∃f ∈ B such that
F(g,f ) /∈ C(f ), ∀g ∈ K.
Since gλ := λg + (1 − λ)f ∈ K , ∀f,g ∈ K and ∀λ ∈ [0,1], then
F(gλ,f ) /∈ C(f ).
Since F is natural quasi P -convex, then ∃µ ∈ (0,1] such that
0 = F(gλ, gλ) ∈ µF(gλ, g) + (1 − µ)F(gλ,f ) − P
⇒ (1 − µ)F(gλ,f ) + µF(gλ, g) ∈ C(f ).
By Lemma 2.1(a), preceding inclusion implies that µF(gλ, g) /∈ −C(f ). Hence we
have
F(gλ, g) /∈ −C(f ).
Since F is hemicontinuous and the set Y \ {−C(f )} is closed, preceding inclusion
implies that F(f,g) /∈ −C(f ). This completes the proof. 
Now, we are able to prove the following existence theorem for OEP (1.1):
Theorem 2.1. Let K ⊂ L(X,Y ) be a nonempty closed convex set. Let F :K × K → Y be
C(f )-pseudo monotone and hemicontinuous in the first argument, natural quasi P -convex
in the second argument, and coercive with respect to the compact convex set B ⊂ K . If
for each g ∈ K , F(g, ·) is upper semicontinuous on B and for each f ∈ K , the graph of
Y \ {−C(f )} is closed with respect to B . Then OEP (1.1) has a solution.
Proof. For each g ∈ K , define the set-valued mappings S,T :K → 2K by
S(g) := {f ∈ K: F(f,g) /∈ −C(f )} and{ }
T (g) := f ∈ B: F(g,f ) /∈ C(f ) .
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set of K and let g ∈ Conv{g1, g2, . . . , gn} be arbitrary. Then g =∑ni=1 λigi , λi  0, and∑n
i=1 λi = 1. Suppose, if possible g /∈
⋃n
i=1 S(gi), then
F(g,gi) ∈ −C(g), ∀i = 1,2, . . . , n. (2.1)
Since F is natural quasi P -convex in the second argument, there exist µi ∈ (0,1],
µi  0 such that
∑n
i=1 µi = 1 and
0 = F(g,g) = F
(
g,
n∑
i=1
λigi
)
∈
n∑
i=1
µiF (g,gi) − P ⊆
n∑
i=1
µiF (g,gi) − C(g),
which implies that
n∑
i=1
µiF (g,gi) ∈ C(g),
that is, F(g,gi) ∈ C(g) which is a contradiction to inclusion (2.1).
Thus
g =
n∑
i=1
λigi) ∈
n⋃
i=1
S(gi),
that is, Conv{g1, g2, . . . , gn} ⊂⋃ni=1S(gi).
Hence the mapping S¯ :K → 2K , defined by S¯(g) = S(g), the closure (w.r.t.p.c.) of S(g),
is also a KKM mapping. The coercivity of F with respect to B implies that S(g0) ⊂ B .
Hence S(g0) is compact (w.r.t.p.c.). Thus, by Theorem 1.1, it follows that
⋂
g∈K S(g) 
= ∅.
Next, we claim that⋂
g∈K
S(g) ⊂ T (h), ∀h ∈ K.
Indeed, let f ∈⋂g∈K S(g). Since⋂g∈K S(g) ⊂ B (see [5]), then f ∈⋂g∈K S(g)⋂B ,∀g ∈ K . Let h ∈ K be arbitrary, there exists a net {fα}α∈Γ in S(h) such that fα converges
(w.r.t.p.c.) to f ∈ B , that is,
F(fα,h) /∈ −C(fα),
which implies, using C(f )-pseudo monotonicity of F ,
F(h,fα) /∈ C(fα).
Since for each f ∈ K , the graph of Y \{−C(f )} is closed, clearly the graph of Y \C(f )
is also closed.
Since F is upper semicontinuous in the first argument, then preceding inclusion implies
that F(h,f ) /∈ C(f ), that is, f ∈ S(h), ∀h ∈ K .
Hence⋂
S(g) ⊂
⋂
T (g) ⊂ B.
g∈K g∈K
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g∈K
S(g) =
⋂
g∈K
T (g).
Thus⋂
g∈K
S(g) 
= ∅,
that is, there exists f ∈ K such that
F(f,g) /∈ −C(f ).
This completes the proof. 
Next, we prove the following theorem without using Lemma 2.2:
Theorem 2.2. Let K ⊂ L(X,Y ) be a nonempty closed convex set. Let F :K × K → Y be
such that for each g ∈ K , F(·, g) is upper semicontinuous on B and let, for each f ∈ K ,
the graph of Y \{−C(f )} be closed with respect to B . Let M :K×K → Y be natural quasi
P -convex in the second argument; coercive with respect to the compact convex set B ⊂ K ,
and M(f,f ) = 0 ∀f ∈ K . If for each f,g ∈ K , M(f,g) ∈ −C(f ) implies F(f,g) ∈
−C(f ), the OEP (1.1) has a solution.
Proof. For each g ∈ K , define a set-valued mapping S :K → 2K by
S(g) := {f ∈ B: F(f,g) /∈ −C(f )}.
First, we claim that S(g) is closed. Indeed, for any g ∈ K , there exists a net {fα}α∈Γ in
S(g) such that fα converges (w.r.t.p.c.) to f ∈ B , that is,
F(fα, g) /∈ −C(fα).
Since F is upper semicontinuous in the first argument and the graph of Y \ C(f ) is
closed, then preceding inclusion implies that F(f,g) /∈ −C(f ), that is, f ∈ S(g) for each
g ∈ K .
Our aim is to show that
⋂
g∈K S(g) 
= ∅. Since B is compact, it is sufficient to show that
the family {S(g)}g∈K has the finite intersection property.
Let {g1, g2, . . . , gn} be a finite subset of K , then D := Conv{g1, g2, . . . , gn} is convex
and compact subset of K (see [4]).
Now, for each g ∈ D, define a set-valued mapping T :D → 2D by
T (g) := {f ∈ D: M(f,g) /∈ −C(f )}.
Evidently T (g) is nonempty for each g ∈ K . By using similar arguments used in the
proof of Theorem 2.1, we easily prove that T is a KKM mapping. Hence the mapping
T¯ :D → 2D , defined by T¯ (g) = T (g), the closure (w.r.t.p.c.) of T (g) in D, is also a KKM
mapping.
Since, for each g ∈ D, the set T (g) is closed in D and hence is compact. Thus, by⋂
Theorem 1.1, it follows that g∈K T (g) 
= ∅.
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Since T (g0) in D is contained in K and hence is contained in B .
Since f0 ∈⋂ni=1 T (gi) and, for each i = 1,2, . . . , n,
T (g0) =
{
f ∈ D: M(f,gi) /∈ −C(f )
}⊆ {f ∈ D: F(f,gi) /∈ −C(f )}
= {f ∈ D: F(f,gi) /∈ −C(f )}= S(g),
we have f0 ∈⋂ni=1 S(gi).
Hence the family {S(g)}g∈K has the finite intersection property. This completes the
proof. 
3. Existence theorems of OEP (1.1) involving B-C(f )-pseudo monotonicity
First, we prove the following lemma:
Lemma 3.1. Let K ⊂ L(X,Y ) be a nonempty closed convex set and let F be C(f )-pseudo
monotone, hemicontinuous in the first argument, and upper semicontinuous and natural
quasi P -convex in second argument. If, for each f ∈ K , the graph of Y \ {−C(f )} is
closed, then F is B-C(f )-pseudo monotone with respect to C.
Proof. For each g ∈ K , define the set-valued mappings S,T :K → 2K by
S(g) := {f ∈ K: F(f,g) /∈ −C(f )} and
T (g) := {f ∈ K: F(g,f ) /∈ C(f )}, ∀g ∈ K.
In order to prove the B-C(f )-pseudo monotone of F , we have to show that for each
line segment D, we have⋂
g∈K∩D
S(g) ∩ D ⊂
⋂
g∈K∩D
T (g) ∩ D ⊂
⋂
g∈K∩D
T (g) ∩ D =
⋂
g∈K∩D
S(g) ∩ D.
The first inclusion is directly followed from C(f )-pseudo monotonicity of F . Next, we
prove the second inclusion.
Let
f ∈
⋂
g∈K∩D
T (g) ∩ D
and fα → f w.r.t.p.c. such that fα ∈⋂g∈K∩D T (g). Hence F(g,fα) ∈ Y \ C(fα), ∀g ∈
K ∩ D. Since F is upper semicontinuous in the first argument and the graph of Y \ C(f )
is closed, preceding inclusion implies that F(g,f ) ∈ Y \ C(f ), ∀g ∈ K ∩ D. Thus
f ∈
⋂
g∈K∩D
T (g) ∩ D.
Finally, the equality is directly followed by Lemma 2.2 for B = K = K ∩ D. This com-
pletes the proof. 
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closed w.r.t.p.c. Let F :K × K → Y be continuous in the first argument on finite dimen-
sional subspace of L(X,Y ), B-C(f )-pseudo monotone and coercive with respect to the
compact convex set B ⊂ L(X,Y ). If, for each f ∈ K , the graph of Y \ {−C(f )} is closed.
Then OEP (1.1) has a solution in B .
Proof. For each g ∈ K , define the set-valued mapping T :K → 2K by
S(g) := {f ∈ K: F(f,g) /∈ −C(f )}.
On similar arguments used in the proof of Theorem 2.1, we can prove that S(g0) is
compact and S is KKM mapping. To prove the assumption (iii) of Theorem 1.2, let G be a
finite dimensional subspace of L(X,Y ) and let g ∈ K ,
S(g) ∩ G = {f ∈ K ∩ G: F(f,g) ∈ Y \ {−C(f )}}.
Let {fα}α∈Γ be a net in S(g) ∩ G such that fα converges (w.r.t.p.c.) to f . Since K ∩ G
is closed, Y \ {−C(f )} has closed graph and F is continuous in the first argument on finite
dimensional subspace of L(X,Y ), then it follows that f ∈ K ∩ G.
Next, we show that S satisfies assumption (iv) of Theorem 1.2. For the same, it is suffi-
cient to show that f ∈⋂λ∈[0,1] S(λg + (1 − λ)f ) ∩ [f,g] implies
f ∈
⋂
λ∈[0,1]
S
(
λg + (1 − λ)f )∩ [f,g].
Let {fα}α∈Γ be a net such that fα ∈ ⋂λ∈[0,1] S(λg + (1 − λ)f ) and fα → f , we have
F(fα,λg + (1 − λ)f ) ∈ Y \ {−C(fα)}, ∀fα .
Since F is B-C(f )-pseudo monotone, preceding inclusion implies that F(f,g) ∈ Y \
{−C(f )}, that is, f ∈⋂λ∈[0,1] S(λg + (1 − λ)f ) ∩ [f,g]. Thus by Theorem 1.2, we have⋂
g∈K S(g) 
= ∅. This completes the proof. 
Finally, we prove the following existence theorem for OEP (1.1) in the setting of topo-
logical vector space (not necessarily Hausdorff):
Theorem 3.2. Let K ⊂ L(X,Y ) be a nonempty closed convex set. Let F :K × K → Y
be upper semicontinuous in the first argument and natural-quasi P -convex in the second
argument. Let F be B-C(f )-pseudo monotone and coercive with respect to the compact
convex set B ⊂ K . If, for each f ∈ B , the graph of Y \ {−C(f )} is closed with respect
to B . Then OEP (1.1) has a solution.
Proof. Define the set-valued mapping T :K → 2K by
T (f ) := {g ∈ K: F(f,g) ∈ −C(f )} for each f ∈ K.
Claim that T (f ) is convex for all f ∈ K . Indeed, let g1, g2 ∈ T (f ) and λ ∈ (0,1]. Since
F is natural quasi P -convex in the second argument, there exists µ ∈ (0,1] such that
F
(
f,λg1 + (1 − λ)g2
) ∈ µF(f,g1) + (1 − µ)F(f,g2) − P,
which implies
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(
f,λg1 + (1 − λ)g2
) ∈ µC(f ) + (1 − µ)C(f ) − P ⊆ −C(f )
⇒ λg1 + (1 − λ)g2 ∈ T (f ).
Let A be any finite subset of K , for all g ∈ Conv(A),[
T −1(g)
]c ∩ Conv(A) = {f ∈ Conv(A): F(f,g) /∈ −C(f )}
is closed in Conv(A). Indeed, let {fα}α∈Γ be a net in Conv(A) such that fα converges
(w.r.t.p.c.) to f , we have
F(fα, g) /∈ −C(fα)
that is,
F(fα, g) ∈ Y \
{−C(fα)}.
Since F is upper semicontinuous in the first argument and the graph of Y \ {−C(f )} is
closed, then
F(fα, g) → F(f,g) ∈ Y \
{−C(f )}.
Hence [T −1(g)]⋂Conv(A) is open in Conv(A).
Further, let f,g ∈ Conv(A) and let {fα}α∈Γ be a net in K such that fα converges
(w.r.t.p.c.) to f and λg + (1 − λ)f /∈ T (fα) for λ ∈ (0,1]. Then we have
F
(
fα,λg + (1 − λ)f
)
/∈ −C(fα).
Since F is B-C(f )-pseudo monotone, above inclusion implies that F(f,g) /∈ −C(f ),
that is, g /∈ T (f ). Assume that T (f ) is nonempty for all f ∈ D. Thus all conditions of
Theorem 1.3 are satisfied. Hence there exists f ∈ K such that f ∈ T (f ) that is,
0 = F(f,f ) ∈ −C(f ),
which is a contradiction. Hence there exists f ∈ K such that T (f ) = ∅ which implies that
F(f,g) /∈ −C(f ), ∀g ∈ K.
This completes the proof. 
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